STRICHARTZ ESTIMATES IN SPHERICAL COORDINATES 



YONGGEUN CHO AND SANGHYUK LEE 

Abstract. In this paper we study Strichartz estimates for dispersive equations 
which are defined by radially symmetric pseudo-differential operators, and of which 
initial data belongs to spaces of Sobolev type defined in spherical coordinates. We 
obtain the space time estimates on the best possible range including the endpoint 
cases. 



1. Introduction 

In this paper we consider the Cauchy problem of linear dispersive equations: 

(1.1) iu t - u(\V\)u = in R 1+n , u{0) = ip in R n , n > 2 

where u(\ V|) is the pseudo-differential operator of which multiplier is a>(|£|). Typical 
examples of u are p a (0 < a ^ 1) , a/1 + p 2 , p-^/l + p 2 , and J^-^ which describe 
Schrodinger type equation [22], Klein-Gordon or semirelativistic equation[T5], iBq, 
and imBq (see [10] and references therein). 
The solution can formally be given by 

«(*,*) = _L- [ e *<«*-MI€[))£({) <j£. 



(2ir) n 

Here (p is the Fourier transform of <p defined by j Rn e~ tx '^ip(x) dx. There have been 
a lot of works on the space time estimates for the solution u which play important 
roles in recent studies on nonlinear dispersive equations. (See Cazenave [5], Sogge 
[27] and Tao [33] and references therein.) Especially, when u>(p) = p a , a ^ 0, the 
solution satisfies 



v 1 - 2 ) \\ U \\l«LV < C\\(p\\ff. 

with s = 77 — which is known as Strichartz estimates. These estimates were 

2 q ' 

first established by Strichartz [31] for q = p and were generalized to mixed norm 
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(q 7^ p) spaces by Ginibre and Velo [HI EH] except the endpoint cases, which were 
later proven by Keel and Tao [20J. 

It is well known that the estimate ( 11.21) is possible only if n/p + 2/q < n/2, q > 2 
when a > and + | < — jp, g > 2 when a = 1 as it can be easily seen by 
Knapp's example. In actual applications of ( II. 2p to various problems, depending on 
the problems being considered, the existence of proper (p, q) for which (jl.2p holds 
is crucial. Hence, there have been attempts to extend the range p, q by suitable 
generalizations [32j [30]. As it was observed in [301 [25], the estimates have wider 
ranges of admissible p, q when is a radial function. It is due to the fact that 
Knapp's examples are non-radial. However, to make these estimates on the extended 
range hold for general functions which are no longer radial, additional regularity in 
angular direction is necessary. 

For precise description we now define a function spaces of Sobolev type in spherical 
coordinates. Let A a = J2i<i<j< n = x $j ~ x j^i, be the Laplace-Beltrami 

operator defined on the unit sphere in M n and set D a = y/\ — A a . For \s\ < n/2, a G 
R, we denote by H^H^ the space 

{/ G : \\f\\ tifH „ = || WDSfWv < oo}. 

It should be noted that is dense in H^H^ since |s| < n/2. So a natural general- 
ization of (11.21) might be 

(1-3) hhiLi < cyhf.Hr 

In fact, for the wave equation (u>(p) = p) Strebenz [30J obtained almost optimal range 
of q, r and almost sharp required regularity (see also Section H~6j) . In [21] (II. 3p was 
shown for oj(p) = p a , ~ < (n — 1)(~ — i), q > 2 and a > ^ by utilizing Rodnianski's 
argument of [30] and weighted Strichartz estimates (see [HI 111 [7]). Recently, Guo 
and Wang [18] considered the estimate ( 11. 3ft with uo(p) = p a and radially symmetric 
initial data, and found the optimal range of p, q except some endpoint cases. 

In a different direction one may try to extend (II. 2p to include more general u. Let 
us consider u G C°°(0, oo) which satisfies the following properties: 

u)'(p) > 0, and either ui"(p) > or u>"(p) < 0, 
\coW{ Pl )\ ~ \u^{p 2 )\ for < Pl < p 2 < 2pi, 
P\^ k+l \p)\ < \^ k \p)\. 



(<) 

(~) 
(m) 



STRICHARTZ ESTIMATES IN SPHERICAL COORDINATES 3 

We also define a pseudo- differential operator 2?*i> S2 by setting 

= K(l£l)r/(£)- 

Here J 7 denotes the Fourier transform. In [12] (also see [19] for earlier result), the 
authors proved the following: If uj satisfies the conditions (ji]), (Ez]) for & = 1,2, and 
(jmjl for 1< Jb < [f ] + 1 R then 

hhiLi < \\K US2 v\\h« 

holds for 2 < p, q < oo, ~ + ^ < | and (n,p, g) 7^ (2, 00, 0) with 

, . ,11,1 11 112 

!-5 si = (7 - tt) ~ ~> S2 = 7~ ~ 7' s = n (o - -) - -• 

4 2p g 2p 4 2 p q 

It is obvious that the range and the exponents are sharp (|12j). 

In this note we try to unify the estimates fll.2p and ( II. 3p in a single framework. 
More precisely, we consider the estimates 

(1.6) \\u\\lIl% < \\K US2 <Ph ? H« 

which have a wider range p, q of boundedness than (11.41) . Allowing some regularity 
loss in spherical variables, we want to find the best possible range of p, q for (II. 6p . In 
fact, using a Knapp's example which is adapted to radial function one can see that 
( II. 6p is possible only if 

(1.7) I<*tzl(i_i). 
y J q ~ 2 V 2 p ! 

(See Section H~T1 ) Since we already have the usual Strchartz estimates (II .4p on the 
range ^ + ^ < f , we are mainly interested in the estimates for (p, q) which is contained 
in the region - + - > ^ 

q p 2 

The following is our first result which establishes (11. 6B in the best possible range 
of p, q except an endpoint. 

Theorem 1.1. Let n > 2,2 < p,q < 00 and si,S2,s given by ( II. 5j) . Suppose 
that uj G C°°(0, 00) satisfies the conditions (ji]), (juj) /or = 1,2, and (Imp /or 1 < 
fc < max(4,[f] + l). //f(i-i) < 1 < ^(1 -J), (n,P,q) ? (2, 00, 2), and 
(P, ?) £ (^fer> 2), tfje so^ion it to (fTIj) safe/^es JTSJ /or a > + | - f ). 



1 In [T2] the condition (lm|) was assumed for k > 1 to get (|1.4[) but (jmj) for 1 < k < [f ] + 1 is 
enough as it is obvious from the proof in |12j . 
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Theorem 11.11 generalizes Shao's results in (25] where oj(p) = p 2 and radial data were 
considered. In [18], some estimates for (p, q) on the sharp line ^ = — ^) were 

obtained when p < q, u(p) = p a and the initial datum ip is radial. But our results 
include all the estimates on the sharp line except for (p, q) ^ ( 2 > 2 )> wn i cn is left 
open and seems to be beyond the method of this paper. But it is possible to obtain 
the following weak type inequality when the initial datum is radial: 

(1-8) ||u|| ^.<IW ,a V||£. 

t 2 t 2n — 3 ' 

where s\, s 2 , and s are given by (II. 5p with (p, q) = C^n-P ' ^ e P rov ide a brief 
proof of this in Section 14.41 

It should be noted that if uj satisfies < Ev}i below instead of ( 1ml) . then V S J> S2 simplifies 
so that T> S J ,S2 ~ |a/'(|V|)|~<'. Although Theorem 11.11 gives a sharp estimate in (q,p) 
pairs, there is no reason to believe that the angular regularity is sharp. Substantial 
improvement should be possible by obtaining refined estimates for Bessel function. 

When u satisfies 

(iv) p\uj"(p)\ ~ |w'(p)| for p > 0, 

the angular regularity can be improved further. (See Section [373]) . The following is 
our second result which also improves the angular regularity result in [2Tj . 

Theorem 1.2. Let n > 2,2 < p,q < oo and Si,S2,s given by (II. 5p . Suppose that 
u E C°°(0, oo) satisfies the conditions (jH]) for k = 1,2, ( Imj) for 1 < k < 
max(4,[f] + l), and //f(±-±) < \ < 2j ^{\-\), (n,p,q) ? (2,oo,2), and 

{P,q) + (^r^> 2 ). the solution u to (tLTj satisfies jTE]) /or a > |^zr(J + §-§)■ 

Compared to previous works, our approach here is simper and more systematic 
so that we can provide a simplified proof of the result in [30] (see Section I4.6[) . By 
spherical harmonic expansion ( 11. 6p the matters basically reduce to one dimensional 
situation but it involves with a family operators which are given by Bessel functions 
of different orders. To get the desired estimate, the growth of bounds depending on 
the orders needs to be controlled in a uniform way. It will be done by comparing 
spatial scale and the orders of Bessel functions. Our novelty here is the use of a 
temporal localization (see Lemma I3.2p which is available only after frequency and 
spatial localizations. This enables us to reduce the estimate in time to that of the 
same scale in space so that we suffices to work on local estimates, and it also plays a 
role in obtaining precise estimates for general u. (See Section [3j) 
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This paper is organized as follows: In Section 2 we consider the asymptotic behavior 
of Bessel function. In Section 3 we obtain various preliminary estimates via space- 
frequency-time localization which are expected to be useful for related problems and 
in Section 4 the proofs of Theorems (jl.ip . (11. 2p are given. 

If not specified, A < B, A ~ B mean A < CB, C~ X A < B < CB, respectively, for 
some generic constant C. 

2. Estimates for Bessel functions 

For the proofs of theorems we need estimates for Bessel functions J u , which depend 
on v. When v is bounded, estimates are easy to obtain. We start by recalling some 
basic properties of Bessel functions. 

Let vq > 1 be a fixed number. If < v < u , then 

(2-1) Wr)|<l, if r<l, 

(2.2) J u (r) = r-^(b + e ir + b_e~ ir ) + *(r), if r > 1, 

3 _ 

where |^/(r)| < r _ a. For instance see [28| [36]. If v > z^o, then we have 

(2.3) \J v {r)\ < exp(-CV), if r < i/. 

It is easy to show by making use of the Poisson representation ([28, 36]) 

( r\u rl 

»2' / „irs/-\ „2\i/- 



(2-4) Ur) = - ^ ' / e^(l - ^^da 



and Stirling's formula Q23J) T(t) ~ ?e 1 for large £. 

For simplicity we denote z + z by 

so that CC stands for the complex conjugate of terms appearing before +C.C. We 
now make use of the following representation of Bessel function (see pQ or Lemma 3 

of El); 

(2.5) J u {r) = 2(r 2 - u 2 )^ 4 {c u e^ + C.C) + K{r), 

where 



9(r) = r 



9\ 1 

V \ 2 V /7T _i 1/ 

1 - COS — 

r ) r V2 r 



K( r )l ^ r *■ 
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It can be obtained by the stationary phase method and Schlafli's integral represen- 
tation (see p. 176, [36]) which is given by 

(2.6) J v {r) = - r e^in*-^) M - S -^l f°° e --r-Mr dT _ 

^ Jo ^ Jo 

The following lemma gives asymptotic bounds for J u when v is large. 
Lemma 2.1. Let v > \. Then the following holds: 

(2.7) \Mr)\<r-*, ifr>2v 1 

(2.8) J u {r) = ( Cl/ r~ l/2 + c l/ v 2 r~i)e ir + C.C + V u {r), %fr>AjA, 

where c„ = 6 2 ^ , c„ = -2ic v , and \^„{r)\ < r _1 . 
Proof of Lemma \2.1[ We rewrite e ie ^ as 

Substituting this into ( 12. 5ft . we obtain 

J„(r) = r~3 M - — J (ce^l + i(0(r) - r)) + C.Cj + ^(r), 

where 

y (r 2 — v 1 ) 4 y 

/ ,\— 1/4 

Let x (r) = f 1 — ^2 J - 1 and 9 2 (r) = + 0(r) - r). Then 

J 1/ (r) = r"5(l + 1 (r)) fc^l - + 2 (r)) + C.C^ + £(r) 
= r~3 fc^(l-i^) +C.C^j + tf„(r), 

where 

tt„(r) = /T„(r) + r- 1 / 2 ^^) (c,e ir f 1 - i^- + 2 (r)) + C.Cj 

+ r-5(l + 0x(r)) {c u e ir e 2 (r) + C.C) . 

Taylor's theorem gives that \h u {r)\ < r _1 , |0i(r)| < ^ and |02(r)| < ^. Hence 
|^(r)| < r _1 for r > 4z/f . This completes the proof of Lemma [2.11 □ 
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3. Estimates via space-frequency localization 

In this section we obtain estimates via localization on both space and frequency 
sides. Let < A < 1 and w G C(l/2, 2) n C 4 (l/2, 2) satisfy that 

(3.1) Ao<K(p)|<l, M 3) (p)I + M 4) (p)I<1 
if 1/2 < p < 2. For i? > 0, let us set yj? = X{x-.r<\x\<2R} and define 

(3.2) T R ^(t,r) = X R(r)r~^ J e~ u ^ J v (rp)0(p)h(j>)dp, 

where /3 G C£°(l/2, 2). In what follows /3 may be different at each occurrence but we 
keep the same notation as long as it is contained uniformly in C£°(l/2, 2). 
We denote by the space L p (r n ~ 1 dr). 

Proposition 3.1. Let i? > 1 and 7^ fee defined by (I3.2j) . If 2 < p, q < oo, ^ > 0, 

and 2/g > 1/2 — 1/p, t/ien tnere is a constant C = C(n,p,q) > 0, independent of 
Xq, u, R, such that 

(3-3) \\TZh\\ L , tS * < C\~ Uh ~*\l + ^n^H^W)^.,. 

The exponent on R is sharp as it can be shown by the example for the necessary 
condition (see Section l4~Tj) . 

For the proof, we need to show the cases (p, q) = (2, oo), (2, 2), (oo, 2), and (oo, 4) 
since the other estimates follow from interpolation. The first two cases are straight- 
forward from the square function estimates for Bessel functions such that 

(3.4) / \Ur)\ 2 dr<\ 

for all v > and R > 0. This can be shown by using (12. ip . ( 12. 2 p when < v < v Q , 
/o°° \Jv(r)\ 2 dr/r = l/{2v) when v > u and R < v (see p. 405 of [36J ) , and (T2~7j) 
when R^> v > u . 

Now, by Schwarz inequality and (13 .4p we have 

(3.5) \TZh(t,r)\ < R~^ sup ( [ \J„(rp)\ 2 dp) ' \\h\\ 2 < R-^\\h\\ 2 . 

r~R \Jp~l / 

Hence, this shows f]3 .31) for (p, q) = (2, oo). Similarly, since |ro'(p)| ~ 1, by the change 
of variables w{p) h-> p, Plancherel's theorem in t and Schwarz's inequality we have 

(3-6) Kh\\l 2 2 <[ \h{w-\p))\ 2 [ \J v {rp)\ 2 rdrdp. 

By (I3.4p and reversing change of variables we obtain (13. 3p for (p, q) = (2, 2). 
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It remains to show (13.31) for (oo,2), and (oo,4). For this purpose we use a local- 
ization property of T R in t, which is possible because supp (3 C (1/2, 2). 

3.1. Temporal localization. Let xr be a measurable function supported [0, 2R] 
with || X-r|| oo 

< 1. Let u e C 4 (l/2, 2) and let us define 
(3.7) n R g{t,r) = xn(r) [ J u (rp)/3(p)g(p)dp. 



Making use of the localization of scale R in r and the fact that supp C (1/2, 2), it 
is possible to localize the estimate for 1Z U R in t at the same scale R. It is crucial for 
obtaining sharp estimates for 7#. 

Lemma 3.2. Let R>1, v — u(k) = n ~ 2 2 +2fc , k = 0,1,2, ... , and let I be an interval 
of length R. Suppose that \co'(p)\ ~ 1, \ui^ k \p)\ <l,k = 2,3,4, on the support of (3. 
And suppose that 

(3-8) \\Xi(t)n v R g\\ L?s v< BR b \\g\\ 2 

for 2 <p,q < oo, B > I, and b > 2 + \ - 1. Then \\n R g\\ L ^ r < CBR b \\g\\ 2 . 

Note that T R h(r,t) = r~~2~lZ R h(r,t) with a proper \r — u. From Section H~T1 

„ 1 | 2n-l 3 

we see that a lower bound for i R : L — > L t L v x is CRi 2 ? 4 which is bigger than 

n i 1 i 

or equal to CR? « if p > 2 and R is large enough. So we can use this localization 
for T R without any loss in bound. 

Proof of Lemma \3.B. It should be noted that z/ = 0orz/> 1/2 from the definition of 
v{k). By Plancherel's theorem it suffices to show that 

(3-9) \\xi(t)H R g\\ L ^ Pr <BR b \\g\\ 2 

for B > 1, b > 2 + i - 1 implies 

~ ' — p q r 

\\n R g\\ LlS p<CBR h \\g\\ 2 . 
Using the integral representation (12.61) of Bessel function we write 
(3.10) K R g = K ig + K 2 g, 

where 

U x g = jT J e -^{p) e i{T PS m0-u9) ^p)^p) dpde, 

n 2 g = -^^XR{r) r f e-^e-^-^^{p)9{p)dpdr. 
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Note that if v = 0, then TZ 2 = 0. 

If f > 1/2, then we claim that for 2 < p, q < oo 

(3.ii) H^IUfi? < Cflt+Hy^. 

In view of interpolation, it is sufficient to consider the cases (p, q) = (2, 2), (2, oo), (oo, 2), 
and (00,00). By Holder's inequality we only need to show (13.1 ip for (p,q) = 
(oo,2), (00,00). Using the fundamental theorem of calculus and Holder's inequality, 
we have 

p2R 

sup \n 2 g(t,r)\ <\n 2 h{t,3R/2)\+ \d r n 2 g(t,r)\dr 

0<r<2R JR 

< \K 2 h(t,3R/2)\ + CR?\\d r K 2 g(t,-)\\ L z (0 ,2R). 
Since |cu'(p)| ~ 1, by the change of variables oo(p) 1— > p and Plancherel's theorem 

POO /~i 

\\n 2 g(t,3R/2)\\ L 2<C e-^e-^ BinhT dr\\g\\ 2 <—-\\g\\ 2 . 

Jo v + K 

To handle \\d r TZ 2 g(t, -)\\l 2 (r,2R), observe that 

d r TZ 2 g{t,r) = Sm ^ XR{r) J e^ p ( J°° e -^-^(p)^ sinh rdr) 

where <fi = u~ x . Since (f)'(p) ~ 1, by Plancherel's theorem we have 

POO 

II&T^Hl?^ {Ry2R) <C e'' /T \\e' rsmhT \\ L 2 (Q)2JJ) sinhrrfr|| g\\ 2 

Jo 



POO 

<C e- UT e- RsinhT (smhr) l 2 dr\\ g\\ 2 
Jo 



C 

~ u-l/2 + R ll9h - 

Since v > 1/2, we get the desired estimate (13. lip for (p,q) = (2, 00). The estimate 
for (p, q) = (00, 00) is straightforward because 



poo 

\n 2 g\<C / e-^-f sinh ^r||^|| 2 . 
Jo 



By (13. lOf) . (13. lip , and (13. 9p it is now enough to show that \\xi (t)lZ\g\\ L t tS v < 
BR b \\g\\ 2 implies H^igH^? < C BR b \\g\\ 2 . Since |u3'(p)| ~ 1, by the change of vari- 
ables p — > (p(p) = u~ 1 (p) and Plancherel's theorem, we may replace TZ\ by TZi which 
is given by 

n ig = XR (r) [ W [ e~ Up e^ si * -^Mp)g(p)dpd6 
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for some G C£°(l/2, 2). Matters are reduced to showing that 

(3.12) \\xi{t)n ig \y tS p<BR h \\g\\ 2 
for b > — 1 implies 

(3.13) ||£tflU?i2! < CBR b \\g\\ 2 . 



We note that 



with 



n ig (t,r) = XR(r)(K r *g)(t) 



KJt) = — [ I e- i(tp - rMsine) (3(p)dp e- lv9 d0. 
2vr JqJ 

Since < r < 2R and |y-(t£(p) - rp sin 0)| > C|t| for some C > if \t\ > MR for 
some large M > 0. From the condition on cD and integration by parts (three times) 
it follows that for < a < 3, 

(3.14) \K r (t)\ < C(l + |t|)" 3 < CR- a {l + \t\y 3+a 

if r ~ i? and |t| > Mi?. Now the argument is rather standard. Indeed, let {/} be a 
collection of disjoint intervals with sidelength ~ R which partition K. Let us denote 
by I the interval {t : dist (t, I) < 5MR}. Breaking g = \j9 + Xjc9, by (I3.14p we see 
that for t G I 

\n l9 (t, r)\ < \% ( XT g) (t, r) | + CR- a S *\g\(t), 
where S(t) = (1 + |t|) _3+a . Thus, when q ^ oo, taking a = 1, we see that 

\n ig (t,-)\\l Pr dt<J2 [ \\Kig(t,-)\\%dt 
I ^ 

<CY] [ WK^xjgW^dt + CR^ [ (E*\g\Y(t)dt 

j Jl r JR 

<CBm" b J2\\XT9\\l + CR- q \\g\\ q 2 



< CB q R qh \\g\ 



For the third inequality we use the hypothesis (13.121) and the fact that £ G L 1 fl L°° 
and for the Fourth inequality we use the fact that b > ^ + - — 1. Hence summation 
along I gives the desired estimate ( 13. 13)) . When q = oo, the argument is even simpler. 
We omit the detail. □ 
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Now let us set 

(3.15) K u g{t,r) = Xn{r) [ e- u ^n(rp)(3(p)g(p)dp. 



From the proof of Lemma [3T21 it is obvious that the same statement remains valid even 
if we replace R V R by TZ^ v g provided that R > 4z/f . Here ^ v {r) = J v {r) — [(c^r -1 / 2 + 
c v v 2 r~^)e ir + C.C] which is given in (12. 8p . In fact, since we already have (13. lip , one 
needs to check that 



ir<f>(p) + CC 



- (0(p) r ) 2 (0(p)r)2 

satisfies (13. 14j) if r ~ R, \t\ > MR. It is easy to see using the fact that R > 4z/f . One 
can handle each term separately. Then the rest of the argument is straightforward. 
The similar implication is also valid for 7£q with f2 = p~^e ±ip , u 2 p~^e ±lp . For future 
use we summarize it in the following. 

Lemma 3.3. Let R > 1, v, I and u be the same as in Lemma \3.S\ and let TZq be 
defined by (I3.15p . Suppose that R > 4z/t and (13. 8p holds for B > 1 and2 <p,q< oo. 
Ifn = p-h ±lp , u 2 p-le ±lp , then \\n n g\\ L ^ Pr < CBR b \\g\\ 2 . 

We now return to the proof of Proposition 13.11 

3.2. Proof of (J32D for (p,q) = (oo,2), (oo,4). We show that for q = 2, 4, 

— I 2 1 2n — 1 

(3.16) llT^IUf^ <CA 4 (l + z/)5i?9 ~\\h\\ 2 . 

The estimate for q = 2 follows from the case q — 4. In fact, by Lemma 13.21 it is 
sufficient to show ( 13 . 1 6[) for q = 2 when / is an interval of side length ~ R but this 
follows from Holder's inequality and the estimate (I3.16P with q = 4. Hence we are 
reduced to showing that 

J_ 2 n 1 

(3.17) nh\\ L ^ r <C\ *{l + p)sR-— \\h\\ 2 . 
For this we consider the following three cases, separately: 

(3.18) (l):i?<z/, (2):u<R<u%, (3) : j/f < R. 

Case (1). From (12.31) we have \\T R h\\L^s,^ < e~ Cu R~^~ \\h\\ 2 . By Lemma [3721 we get 
WTZHLts? ^ e-^R^Whh < e- c ^R-^\\h\\ 2 < R-^\\h\\ 2 , 
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which is acceptable. 

Case (2). By (13.51) we have || T^/i || L t °°£^° ^ H^-lh- Then, by Lemma 13.21 and 

1 n— 1 

Holder's inequality WTj^hW^^ < CR*~^~ \\h\\2- So, if R ~ u, then HTr/iH^oo < 
v^Rr^ ||/i||2- If ^ <C -R < z^, then ||Tr/i|| L 4 £ oo < z/li? -2 ^ 1 1|^|| 2 . So we have ( 13.1 7p . 

Case (3) . For simplicity let us set 

(3.19) Tuh(t,r) = J e- u ^Q(rp)f3(p)h(p)dp, 

and 

Tn lR h(t,r) = Xn(r)Tnh(t,r). 
Since r ~ R, using (12.81) . we need to consider TZq with 

n(p) = p"^, z/ 2 p" f e ±ip , = 0(l/p) 

and for (13.171) it is sufficient to show that 

1 2 n— 1 

llx/^rn^/ilUi^ <cA 4 (i + i/)*ir— 11^112. 

For f2(p) = 0(l/p), by Schwarz's inequality (^^^(t, r)| < CR~^ \h\ 2 - So we get the 
required bound from Holder's inequality. Hence we only need to consider the cases 
f2(p) = p~^e ±tp , v 2 p~le ±v '. These two cases can be handled similarly. In fact, since 
v\ <C R, we get the desired bound (13.171) @ if we show that 

\\rh\\ Lt ^<cx^\\h\\ 2 , 

where 

Th(r,t)=x R (r) [ S-^^mhWP- 



By duality it is equivalent to ||T*-ff||_L2 < CA 4 ||i/|| 4 , where T* is the adjoint 
operator of T. It again follows from 



/ / H\\ r4fioo < CXn 2 \\H\\ 4 
I H^t^r — U II 11 r 3 01 

t ~r 



Now note that 



rrm^// K ( f -wV<"-'>tf( s y)]«/, 

where 

/C(t,r) = x«(r)x/ ? (r / ) / e^W^'^ 2 (p)dp. 



2 The bound 5 is actually decided by the term v 2 p ie^ 
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Since A < |ti7"(r)| < 1, by van der Corput (see for instance page 334 of [25]), it 
follows that \K(t,r)\ < CX ^\t\- % ' 2 . So we get 



\TT*H\\ L 4£oo < CX Q 2 



J \t-s\^\\H(; S )\\ Z lds 



Li 

Then by Hardy-Littlewood-Sobolev inequality we get the desired bound. This com- 
pletes the proof of (13.31) . and hence Proposition (13. ip . □ 

Remark 1. From the above proof {Case (3)) it is obvious that if Vt = p~^e ±tp , ^ u (p) — 
0(1/ p), then for R > 1, 2 <p,q < oo and 2/q > 1/2 - 1/p, 

(3-20) WTnMqz* < \7 {i ~~ p) R^^ { ^ ] \\h\\ 2 

and if = v 2 p~le ±ip , for 2 < q < 4 

(3.21) \\T a ^h\\ L ^ < X'K'R-'R^^Whh 

By (EU) and fl3T20|) for ft = p-^e ± ^, = 0(1/ p), we also have for tt = 

v 2 p~^e ±lp , 

(3-22) l|Tn>|| L? e ? <i^||/i|| 2 

Hence, by interpolation between (I3.2ip and (I3.22p we see that if Vt = z/ 2 p~f e ±jp , 

(3.23) IIT^IU^ < \^"\v 2 R- 1 ) 1 -lR^^^\\h\\ 2 

provided that 2 < p, q < oo and 2/q > 1/2 — 1/p. Hence, when R > 2v 2 , one gets 
uniform bounds so that if f2 = u 2 p~^e ±tp , p~^e ±lp , ^ v (p) — 0(1/ p), 

(3.24) \\%, R h\\ L *# < X'^'^R^^^Whh, 
whenever 2 < p, q < oo and 2/q > 1/2 — 1/p. 

3.3. An improvement on angular regularity. In what follows we improve the 
bound in v but at the expense of the bounds in Ao- This is why we need an extra 
condition on u in Theorem 11.21 

Proposition 3.4. Let R > 1 and T£ be defined by (13. 2p . If 2 < p, q < oo, v > 0, 

and 1/q > 1/2 — 1/p, then there is a constant C = C(n,p,q) > 0, independent of 
Ao, v, R, such that 

(3.25) \\7Rh\Us* < C\~ ih *\l + ^Kf-^f+^H) 
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Proof. From the proof Proposition [3J] (see (I3.5P and (13. 6p ) and Remark [1] (see (13.241) ) 
we recall that the estimates (I3.25P for (p,q) = (2,2), (2, oo) are already obtained. 
Hence, for the proof of Proposition l3T4"l it is sufficient to show (13 .25ft for (p, q) = (oo, 2). 
By Lemma [3.21 this follows from 

(3.26) UiTrHl^ <C^(l + u)^Rr^\\h\\ 2 . 

Here / is an interval of length ~ R. For the case R <C v it is easy to check (I3.26j) as 
before and the case R 3> v 2 is already handled (see (I3.24p in Remark [Q. Hence to 
show (I3.26P we may assume 

v < R < v 2 . 

To treat this case we use (I2.5p . The contribution from h u in (I2.5P is 0{R~ R ^ 1 \\hW2). 
So, it is acceptable. Hence it is enough to show that 

(3.27) IIT^IL^co < CAoMi^U/iHa, 
where 

Ug(t, r) = Xi(t)xR(r) I e~ a ^ ±w ^ u (p,r)g(p)dp 



and (3 u (p,r) = /3(p)(l — jj^pz) 4 ■ We only show the estimate for 7+. The other can 
be handle similarly. Following the previous argument we need to show that 



1 1 



\\T+T^H\\ L 2^ < CX \1 + u^RiWhW^s*. 
Since 

T + T;H = J J X i{t)xi{s)K{t - s,ry)[r ,n - l H{sy)]dr'ds, 

and 

K(t,r,r') = J e' u ^ p)+mrp) - e{r ' p)) u (p,r)(3^p,r')dp. 
Now let us observe that for v <C r, p ~ 1 



d 2 - 2 



dp 

So, if \t\ > CXq 1 ^ for some large C 

d 2 



—Arp) 



< V -<v. 
r 



, x - tu{p) + 6{rp) - 6{r'p) 



dp 

Hence, from van der Corput lemma we get 



> CAnltl 



\K(t,r,r')\ <C\ *\t\ 
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if \t\ > CXq 1 ^. Hence using trivial bounds \K(t,r,r')\ = 0(1) for \t\ < CA V we see 



Xi(t)Xi(s)swp\K(s -t,r,r')\dt, / xi(t)xi{s)swp\K(s - t,r,r')\ds 



that 



are bounded by 

/■Aq 1 is 1 rR 1 

C dt + C\~ 2 I t-^dt^CX^u + CX^m < CA 
Jo Jo 

because y<Ci?. Then by Schur's test we get the desired bound. □ 

Remark 2 (The wave equation). For the wave equation u(p) = ±p, the estimates are 
much easier to show. Let us consider the operator 

WZKt,r) = Xn(r)r- 2 * 1 j e~ u ^ J„(rp)P{p)h(p)dp. 
Then we have for 2 < p, q < oo 

(3.28) WWrHl^ < CWi + ^-^\\h\\ 2 . 

We only need to show the estimates for (p, q) = (2, oo), (2, 2), (oo, oo), (2, oo). In fact, 
the case (p, q) = (2, oo) is a consequence of Plancherel's theorem. So, we can apply 
Holder's inequality and Lemma l3~2l to the estimate ( 13.281) with (p, q) = (2, oo) to get 
(I3.28P for (p, q) = (2, 2). When (p, q) = (oo, oo), the desired estimate can be obtained 
by Schwarz's inequality and (13.41) (cf. (13. 5ft ). So similarly the case (p, q) = (oo,2) 
also follows by Holder's inequality and Lemma 13.21 

4. Proofs of Theorem 11.11 11.21 

In this section we prove Theorem 11.11 and 11.21 making use of the estimates in the 
previous section. The estimates other than those on the sharp line (- = — ip^j — p)) 
are relatively easy to show once we have Propositions 13.11 However, to get the 
estimate along the sharp line we need additional works which actually correspond to 
showing inhomogeneous estimates. 

We start with proving the necessity of the condition - < 2n ~ (| — -) for (II. 6p . 

4.1. The necessary condition ( 11 . 71) . Let ip be radially symmetric function such 
that (p is supported in {|£| ~ 1}. Since (p is also radial, we can write the solution u 
to flUED as 

u(t,x) = C\x\- s T- [ e~ itu{p) p^J^2{\x\p)(p{p)dp. 
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Fix p e [1,2]. For R 1, let us choose <p such that 

n— 1 1 

m = p~—<t>(RHp-po)), p = \Z\, 

where <fi G C£°(— 1, 1). By the asymptotic of Bessel function ( 12. 2 ft we have 
(4.1) u(i,z) = C|x|"^ J e^-^+^^R^p-po^dp 

+ C\x\-^ J e t{ - tulip) -^ p U(RHp ~ Po))dp + OiR-^xl-^) 

provided |x| ~ |£| 3> 1. Now observe that if |t| < i? and ||x| — u(po)t\ < i? 2 , 

-tu[p) + \x\p = \x\p - tu(po) + {\x\ - u(p )t)(p - po) + 0(t(p - po) 2 ) 
= |x|p - tu(po) + 0(1) 

since |p — po\ < R~*. By a simple change of variables the second integral equals 

C\x\- a * k e- i W po [ e i{ -- tuj{ - R ' hp+po) - R ' h ^ p) (t){p)dp. 



Since |^(— tu(R~ 2 p + po) — -R _2 |x|p)| > C7? 2 if |x| ~ _R. By integration by parts, 
we see that the second integral in (14. ip is 0(R~ M ) for any M if t, \x\ ~ R . Hence, 
for t, \x\ ~ R and ||x| — uj(p )t\ < i? 2 



Therefore it follows that 



n i 1 i 2n — 1 

lull r,9£Pr2 > i? 2 9 2 p 



On the other hand ||<p||l 2 ~ -R 4 - Since <p is a radial function, ||<p||l 2 = IMIl 2 ./? 2 - 

nil j 2n—l i 

So the estimate ( 11. 6ft implies that R 2 i 2 p < Letting i? — >• oo, we get the 

condition ( II. 7p . 

4.2. Frequency localization. By Littlewood-Paley theory, scaling and orthogonal- 
ity the estimate ( 11. 6ft can be obtained from the estimates for the simpler operator 
T v which is defined by 

r»h{t,r)=r-^ [ e- Um{p) J u (rp)p^^(p)h(p)dp. 



Lemma 4.1. Let 2 < p,q < oo, 7 > 0, and zu E C(l/2, 2)flC 4 (l/2, 2) which satisfies 
(ED). Suppose that for v = v(k) = k>0, 

(4-2) WVhW^ <C{l + vy\f~ l \\hh. 
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Then the solution u to (11.11) satisfies (II .6p with S\, S2 and s satisfying (I1.5P provided 
that a — 7 + (n — 1)(| — |) w/ien p > oo and a > 7 + (n — 1)(| — i) u>/ien p = 00. 

Proof. Let iV > denote dyadic numbers and let f3 G C c °°(l/2, 2) such that ^ /3(|£|/iV) 
1, |£| 7^ 0. Then we define P/v to be the projection operator given by 

Since 2 < p < 00 and g > 2, by Littlewood-Paley theory, Minkowski's inequality and 
Sobolev embedding on the unit sphere S 11 " 1 it follows that 

ll e ~ Kz_^ I w VI J 2 



iV 



< ^|| e -iMIV|) Piv ^|| 2 ^ 

iV 

<(Ell^ M|v|) ^^ 7 Vll^ 



N 



(Note that a — 7 = (n — 1)(| — -) if p > 00 and a — 7 > when p = 00.) Then 



by orthogonality it is sufficient for (II. 6p to show that 

lle-MlvDp^n^^ < C\\V s J^P N( pU ?H2 

with C, independent of N. By the property (ii) of uj it reduces to 

where Wjv = C , (cy( jV ) jV ~ 1 ) < ^~^ ) ~'' |u/'(iV)|2F~*. By rescaling 
(4.3) €->N£, N~ 1 x, t (Nu'(N)yH, 

and (11.51) this is equivalent with 



(4.4) 
where 
(4.5) 



1 1 

I — ito(|V|) tj ,„|| ^ \ 2p 4 11 II 



tJ7(p) 



w(iVp) 



Ar 



Nu"(N) 



u/(iV) 



Nu'(N) ' 

Since H^H^^a = ||^||£2#a by Plancherel's theorem and orthogonality of spherical 
harmonics, we are reduced to showing that 



\\Tf\\ L ^ Ll <CX^\\fh, H2} 



18 YONGGEUN CHO AND SANGHYUK LEE 

for / supported in [|,2], where 

(4.6) Tf(t, x) = I e^^mDfiO 



We now expand / by the orthonormal basis {Y k 1 }, k > 0, 1 < / < d(k) of spherical 
harmonics (here d(k) is the dimension of spherical harmonics of order k) such that 

/(0 = /(p*) = £ £ a *(p)n'(*)- 

fc>0 l<Kd(fc) 

We use the identities Y£(jht) = Ca^p'^ J v (p)Y k l (-ajH v = v(k) = ^=f±^ (see [29]) 
to get 

(4.7) Tf(t,x) = Y J Cn, k T v (a l k )(t,r)Y l k (x/\x\), r = \x\, 

k,l 

where |c nj fe| = (2tt)% , k > for some positive constant C which is not depending on 
k. By orthogonality among {Y k 1 } and Minkowski's inquality 

r/ik^<c?(Eii^ w ( a *)iiWj*- 

Since a; satifies the conditions (i) — (in), it is easy to check that to, X in ( 14. 5ft 
verifies the condition (13. ip . Hence by the estimate ( 14. 2 p and the identity ||/||i2 H a = 

(Efc/ 1 + + n ~ 2 )) a l4l 2 ) 2 2 wnicn follows from the fact that —A a Y k l = 
A; (A; + n — 2)F fc ', we get 

This completes the proof. □ 

4.3. Proof of Theorem 11.11 From the results |12j . we already have estimates (11.61) 
for | — = - with a = 0. So, by interpolation it is enough to consider estimates 
near or on the sharp line (- = — -)). Hence by Lemma [4.11 we only need to 

show (TMD with 7 = |(| - i) + e for any e > if 2(1 - 1) < I < ^_i(I _ I) an d 
g ^ 2. In fact, note that (n - 1 + f )(| - 1) -> gg^j as (p, g) -)• (gE§, 2). So, we 
interpolate (11.61) with (p, q) arbitrarily close to (§^E§, 2) and ( II. 4p to get the desired 
estimate. 



3 c„, fe = (27r)tr fc 
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4.3.1. Estimates away from the sharp line. We show (11.61) for | (| — i) < - < ^Y^(f — 
i). We break the operator in space radially. Fix a dyadic number i?o > 1- We write 

T"h = X{r<R Q }T U h + X{r>Ra}T"h. 

The first is easy to handle. In fact, we show that for 2 < p, q < oo, 
(4-8) \\X{r<^}Vh\\ L ^ < C\\h\\ 2 . 

From ( 14. 7p we note that 

c n ^h{t,\x\)Y l k {-^) = J e^- to ^D)/ i (|ei)yi(j|)/3(|e|)^. 

Then the estimate (14. 8p for (p, q) = (2, oo) follows from Plancherel's theorem. Also, 
taking L 2 norm in angular variables (on S 71 ^ 1 ) and Schwarz's inequality we get 
\T u h(t,r)\ < C\\h\\2- Interpolation establishes (14. 8p for 2 < p < oo, q = oo. Now, 
by Lemma I3T21 it is sufficient for ( 14. 8 h to show Wxio^Roji^T 1 ' h{t, r)\\ L ^p < C\\h\\2 for 
2 < p, q < oo. It follows by Holder's inequality. Hence we get the desired estimate 
(ID. 

Recalling (I3.2p . we further break X{r>R }T u h to get 

X{r>R }T v h = 22 7~R h i 

R-.dyadic, R>Ro 

After triangle inequality we apply Propositions 13.11 to get 

\\X{r>R 0} T»h\\ Ll z Pr < C\ + V)te-$\\h\\ 2 . 

provided that 2 < p, q < oo, 2/q > 1/2 - 1/p, and - q < ^^(| - From this and 
( 14. 8 p we get the estimate ( 14 .2p and hence (11.61) . 

4.3.2. Estimate along the sharp line ^ + = ®- ^ e now ^ u U P ^ ne remaining 
estimates along the sharp line by showing estimate (14. 2 ft for ~ = ^-^(5 ~~ ^)? <? 7^ 2. 
Again by Lemma 14.11 it is enough to show (14.21) . It will be done by making use of TT* 
argument. Since the estimate for (p, q) = (2, 00) is trivial, we may assume p 7^ 2. 

By ( 14. 8 p it is sufficient to consider XiryR^T^h. We further break it (up to the 
cases in ( I3.18P ) to get 

X { r>_R Q] n = ( + E ) T * h - 

R <R<5is§ R>5v* 
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The first sum is easy to handle. From Proposition 13.11 we have fl 3 . 3 p . So, by direct 
summation we see that for - + — = 

q 2p 4 

II J2 Vth\\q#<CQogv) v M-$\\h\\ 3 . 

R <R<5u% 

To obtain the desired estimate for V s 7p7i, it is sufficient to show that 

with Q = J v . (See ( E5D -) For the proof of using ([23]) in Lemma Owe only 

need to show this with 

Q(p) = p- 1/2 e^, z/V § e ±ip , *„(p) = O^ 1 ). 
First we handle the case Q = We break the operator dyadically so that 

II Yl XR{r)%ML q t 2? r < Yl WxR(r)% v h\\Lii 



-8 . 



Since \I/„(p) = 0(p 1 ), HT^/iHl^,^ < CR 2. From Lemma I3T31 and Holder's in- 

i n I 1 I n 

equality, it follows that \\xR( r )'^'^h\\ L ^p < CR~z 1 p||/i|| 2 for p, q > 2. Since 



1 _ 2n-l ( 1 _ 1' 
g 2 ^2 p- 



, p 7^ 2, we get for some e > 



J] x*Mt*>|| l?£ p < c E it;- e ||/i|| 2 < cii/iih. 



When fi(p) = ^ 2 p 2e ±v , using (I3.23j) we obtain the desired bound by direct summa- 
tion. Indeed, if Sl(p) = v 2 p^e ±i P, by (EZSJ) 



II £ ^(rWlk* < GAo 5(5_F) E (^ir 1 ) 1 -ii25- a S i <*-^ 

^CCl + i/J^-^^H/illa. 

We now handle the case O(p) = p -1 / 2 e ±lp which is the main term. By discarding 
some irrelevant factors it is sufficient to show that 

II J2 SRh\\ L ^<Cxt P ^\\h\\ 2 , 

R>5u^ 

where 

S R h(t,r) = R-^XR(r) [ e^^^ P(p)h(p)dp 
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and w satisfies (13. ip . By duality it is equivalent with 
(4-9) || ^|| 2 <CA Q ^||iy|| L?v . 

8 

R>5v~5 

Here S£ is the adjoint of Sr. Hence it suffices to show that 
(4.10) || SrS^HW^KCX^^WHW.,^ 



a 



provided that \ = - ±), q ^ 2, p ^ 2. 

From (I3.20p in Remark [1] we have 



77- — 4 1 i 2n-l ? 1 1 \ 

I^IIl^<^a 2p (f-) 



provided that 2 < p, q < 00, z/ > 0, and 2/q > 1/2 — 1/p. By duality we have for 
2 < p,q < 00 and 2/g > 1/2- 1/p 

(4.11) ||^#|| 2 < tf^Ri-^G-^H^g. 
Hence it follows that 

(77- — tAt) 1 2n-l/l Is ,1 2n-l/l Is 

(4.12) 11^,^11^ < C7Ao 2p w, R"—^-- P ) R'-—^- ) \\H\\ Lf€ 

provided that 2 < p, q < 00 and 2/q > 1/2 — 1/p and 2 < p,q < 00 and 2/q > 
1/2 — 1/p. However to get estimates at the critical line the estimates are still not 
enough. To get over it, we make an observation which is stated in the following 
lemma. 

Lemma 4.2. Let us denote max(R, R) by R* and min(i?, R) by R*. Ifl<q,q< 00, 

(4.13) ||S^tf||^ < CA "fli-T-ii'F-T- (-^j \\H\\ L f 2V 
Proof. By (I4.12p we may assume that R* > 8R*. Note that 

S R S*,H(t,r) = Jj K RiR ,(t - s,r,r')[r' n - l H(s,r')}dsdr', 

where 

K R> R,(t,r,r') = (RR')-^XR(r)XR>(r') J e^ t ^ ± ^>^ 2 {p)dp. 
We first break the kernel Kr^ri so that 

KR,R>(t,r,r') = Xi(t,r,r') + K 2 (t,r,r'), 
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where 

Ki(t,r,r') = X{R*/8<\t\<8R*}K R , R '(t,r,r'). 

Since \w'{p)\ < 1, \f p {-tw(p)± {r-r')p)\ > Cmax(\t\,R*) if |t| < R*/8 or |t| > 8iT. 
Hence by integration by parts (three times) we see that 



\K 2 (t,r,r')\<(RT a (l + t) 



-(3-o) 



for any < a < 3. Hence, the contribution from K 2 is negligible. Therefore for (14. 13j) 
it is sufficient to consider the operator 

instead of S R S^,. Since \w"\ > A and Ki(-,r, r') is supported in [R/8,8R], by the 
van der Corput lemma it follows that 

\K l (t,r,r')\<C{R*X )-^. 

By the standard argument, obviously we may assume that the temporal supports of 
S RtR 'H, H are contained in an interval of length ~ R*, by Holder's inequality and 
the above kernel estimate we have for l<q<2<q'<oo 

\\Sr,r>H\\ l ^ < C(R*)^ +1 -¥(RR')- 2 -^(R*X )-^\H\\^^ 



_I i 2n-i .1 2n-l / jL \ min( j - \ , I - 1) 

<C\ Q *R«-^R!«-^(-^) 9 \\H\\^. 

Hence we get the desired estimate (I4.13p . □ 

Now we interpolate (I4.12p and (I4.13P to improve the estimate (I4.12p . In particular, 
taking p = p = 2 in (I4.12p . we have 

i ,i 

\\S R S R *,H\\ L <i Si 2 < CRiR i \\H\\ L ?^ 
provided that 2 < q, q < oo. Then we interpolate it with (14.131) to get 
(4.14) \\S R S*,H\\ L ^ r <CA " min (-§, §) e 



R' 1 R 

1 2ra-l/l 1 \ ,1 2n-l/l In 



for some e = e(p, g, q) > provided that 2 < p < oo and 0<^,|<| + ^. Clearly we 



may assume that e continuously depends on -, -, ~. So, if A is a compact subset of 
{(p> q> f) : \ > p ^ °> ^ M < I + tnere is a uniform lower bound e = e (A) 
such that e(l/p, l/q,q) > e > if (1/p, l/g,g) G A. 
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4.3.3. Endpoint estimates for 2 < p < -^j. We firstly show (I4.10p for p < The 
remaining case will be handled differently. 

Fix p, q such that \ = - ~), 2 < p < We write 

oo 

s r Sr,h = f s R s^,Hy 

R,R'>5v% k=-oo D fl / >5 „f i « =2 t 

rt 

Then by ( 14. 14ft each of summand in the inner summation satisfies 



||5^,if|| LtS£ P <CA 2p 2j, '( J R / 2 fc / 2 ) ( ^ + ^"^ (1 -| )) 2- e l fe l||iJ| 

for some e>0if0<i, |<~ + i. 

We now use a summation argument due to Bourgain [I] (also see |6j for a gener- 
alization.) For reader's convenience we state a version which we need here (see [21] 
for a simple proof.) 

Lemma 4.3. Let 61,82 > 0. Let A,B be Banach spaces and 1 < r\,r 2 , s±, s 2 < 00. 
Suppose that {Tj}^^^ be a collection of operators satisfying that ||I}-F , ||i"i(B) < 
CM 1 2^F\\ L n( A ) and ||T^F|| L ^ (B ) < CM 2 2~^ F\\ L r 2{A) . Then 



J2 t j f \\l^(b } < CMtMt e F\\ L r, HA) , 



where 8 = e 2 j (ei + e 2 ), l/r = 6/ri + (1 — 9)/r 2 and 1/s = 9/s\ + (1 — 8)/s 2 . Here 
L r,a denotes the Lorentz space. 

Let us denote 

r,l 1. 1 1 2n-l, 2, 1111 
I s s s s 2 p s s 4 2p 

The open line segment I p is not empty as long as ^jf=(l — |) < | + - (equivalently 
p < By Lemma H~31 we get for 2 < p < ^ 

(4-15) || ^ S R S^H\\ Lt ,^ r <C2-^\\H\\ L P $l£?: 

R _ofc 

provided (-, i) G J p . Since s 7 < 2 < s, by real interpolation among the estimates 
(I4.15P for k) e I p , they can be strengthened to strong type. Hence we have that 
if 2 < p < ^ and (i, i) G 7 P , then 

(4-16) || S R S^H\\ L s. Pr < C\t P ~^2-^\\H\\ L? ^. 
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So for 2 < p < 
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-"' and i) E /„ we get 



n-l 



> s ' s ' 
oo 



E ( E s *p« h 



k=—oo 



R,R'>5v'5;-§ r =2 k 



<c\l v w 



5> 

k=— oo 



In particular if we take s = s (= q), we get the desired estimate (I4.10p for p < 

4.3.4. Endpoint estimates for <p< 2 ^n-3^ ■ After squaring the left hand side of 
(14.91) . we rearrange it so that 

oo 

E (W^fl)=E( E (SrH,S£,H)). 



R.R'>5u5 



k -'°° R,R'>bvi;§=2 k 



Hence the desired estimate f!4.9[) follows if we show that for 2 < p < 2 ^™_P 



(4.17) 



J2 (SZH,S£G)\ < £72- e "*lA5 5 ||ff|| ^||G| 



R,R'>5u^:^i=2 k 



From (I4.16P we already established this inequality for 2 < p < (Also the estimate 
without extra 2 _<E ' fc ' factor is not difficult to obtain by repeating the above argument 
if p < |^5§ •) To get this for < p < ^n-^ ^ * s sufficient to show that 



(4.18) 



E (S£H,S£,G) 

R,R'>bA:^r=2 k 



< CX 



2n— 3 1 
4n-2 2 II I 



4n-2 Gr 



4n-2 . 
2n + l 



4ra-2 
2n-3' 



Then interpolating this with (I4.17P for 2 < p < ^ we get (I4.17P for 2 < p < 

To show (I4.18P we adopt bilinear interpolation argument which was used to show 
the endpoint Strichartz estimate [20J. Let us denote by t s r the pace of sequences 
{Z R }R:dyadic with norm 



\R s Z f 



if r 7^ oo, 



Er ■.dyadic 

sup R:dy adic \R s Zr\ if r = CX). 

We will use the fact (see Theorem 5.6.2 in [3]) that if < go,<Zi < oo and s ^ Si, 
then for q < oo, 

(4-19) (CO,« = C 



B k (H, G)r* 
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where s = (1 — 6)sq + 8si. And we also recall the following fact from real interpolation 
(see [34J, section 1.18.4). Let A , A\ be Banach spaces. Ifl <po,pi < oo, < # < 1, 

and I = 1ST + £> then 

(4.20) (LP°(A ),L^(A 1 )) e , p = L P ((A , A^). 

Here (A ,Ax)g ir denotes the real interpolation space. 
We consider the bilinear operator which is defined by 

(S£H, S£,G) iiR = 2 k R', R, R > 5i/f , 
otherwise. 
By (I4.12p and duality, taking q = q = 2 particularly, we have for 2 < p,p < oo 

— 2n-l 1 2n-3 , 2n-l 1 2n-3 ,, 

|<S fl *lf,S£G>| < C7A 2p \\H\\ L ^\\G\\ L ^. 
We rewrite it as 

n 7T=T 7^/2n — 1 1 2n — 3\ 2ri — 1/1 . 1 \ 2n — 3 ,, 

(4.21) | (5^,^0)1 <CA 2p ^2 fc( — F—r- (f+f)-— 11^11^11^11^ 

which is valid for 2 < p,p < oo. Let us set 

„ 2n- 3 271 - 1,1 L 
^ = -2 2- ( p + ^ 

Then (14.211) implies that for 2 < p,p < oo 

(4.22) : L^' x L 2 t Sf r £^ 

is bounded with bound CA ^ _2T 2 fc( ^ i ^^ ) . 

Now we apply the following interpolation lemma. See [3] (exercise 5(a) in section 
3.13) or [34J (section 1.19.5). 

Lemma 4.4. Let Aq, A\, Bo, B\, Cq, and C\ be Banach spaces, and The a bilinear 
operator such that T : A,- t x B$ — )■ Cj norm Mi for z = 0,1. If < 6 < 1, 
1 < r < oo, and - = ■=- + - — 1 t/ien 

— — ' a b e ' 

T : (A , Aj)^ x (B , B 1 ) 6 j 3 — > (C , Ci) e , a 

is bounded with norm Mq~ b M\. 

Choosing (po,p ), (pi,Pi) e [2,oo] 2 such that (3(p ,p ) ^ f3(p 1 ,p 1 ), we apply 
Lemma I4T41 to the estimates f)4.22p with (p,p) = (po,Po), (Pi,Pi)- Then it follows 
that if < 9 < 1 

B k : (L 2 t ^,L 2 ^) eA X (L 2 t ^, L 2 ^) e ,x 
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with bound C\q po P1 po Pl 2 k{ ~ { ~ + ^>'~>. Here 2?/ is the Lorentz 
space defined with measure r n ~ l dr. Since there are plenty of choices of (po,Po) and 
by a proper choice (po,Po), an d by (I4.19p . (I4.20p . we have for 2 < p,p < oo 

S fc : L 2 £?' - 1 x L 2 t Sf r - 1 < ( 

CA ^~^ 7 2 fc( ^ i p~^ ) . In particular, for 2 < p,p < oo and - 2^(i + i) = 
(P(p,p) = 0) we have 

R,R'>5u^;^=2 k 

Now we can interpolate these estimate by applying Lemma 14.41 again to the bilinear 
operator 

(H, G) -)■ (SrH,S^G). 

This time we choose a = oo and 6 = c = 2 and use (I4.20p to get 

(4.23) | (SrH,S^\<C^~^^-^H\\^4G\\^ 



R,R'>5u'5;^ T =2 k 



provided that 2 < p,p < oo and ^ - + i) = 0. Taking p = p (= ^§^, 

we get the desired (14.181) since 2 ^n-^ — ^ 



4.4. Weak type bounds for radial functions for (p,q) = (^^— ^,2): Proof of 
(11.81) . From (I4.23P we see that the bilinear operator 



fc=— oo 



R,R'>5u^;^ r =2 k 



2n-3 2n-l 1 1 _ 1 



is bounded from L 2 t 2P r x L 2 t 2P r to 4o 4 2 p with bounds A 2p 2p ~ provided that 
2 < p,p < oo and 2j2 f^ — + =•) = 0. We can interpolate these estimates using 

Lemma [4.41 Then by (I4.19p . and (I4.20p . in particular we get 

| * v 2n — 3 1 

E( E (S£H,S£<$) <c>1F*-*\\h\\ «JG|| 

r * I V ' * / 1-2 a 2n+l • 



fc= "°° Ji,il'>5i/§;-|M* 



2(2n-l) . 
/ 2,< -" 1 1 r2,-i 2n+l ' 

1^^ imdf i, T* 



By duality it gives the weak type bound 



(4-24) || E S R h\\ L2 ^<CXr T T| 



2n-3 1 
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We now proceed to prove (11.81) for radial (p. From Littlewood-Paley theory and 
real interpolation we have || Y,n PNf\\i£>°° < C||(Z)jv l^v/l 2 ) 5 |Ug.°° for 1 < p < oo. 
If p > 2 and q > 2, using this and Minkowski's inequality, we see that 



ie-^ (|v| vikL- < ||(x;i^ e " iMlv| vi 2 )' 

N 



Li. 



< , j2 ii e -^ (|v|) p^in f ^ 



iV 

Then by scaling (14.3)) . for (II. 8p it is enough to show that 



2n-3 1 



r 2 r 2ro — 3 ' 



where cc7 and Ao are given by ( 14.51) . Note that ||/||£,£>°° = ||fli|£P'°° when f(x) = 
g(\x\). Hence by Plancherel's theorem and Fourier transform of radial function we 
are reduced to showing that 



2n-3 1 



\T^h\\ „ ^ < C7A 2(4 "- 2 » *\\h\\ 2 . 



IT i 

jJ2 £ 2n — 3 ' 



(cf. Proof of Lemma 14. ip . This follows from ( 14. 8 p and ( I4.24p . Therefore we get (jl.8p . 

4.5. Proof of Theorem 11.21 Theorem 11.21 can be proven similarly as Theorem fl.il 
Once we have Lemma 13.41 we can routinely follow the arguments for the proof of 
Theorem 11.11 The only difference comes from the additional assumption ( Ht>|) (see 
( I4.4p and ( 14. 5p ) by which we have Ao ~ 1 at ( 14. 5p . Hence we do not lose anything 
when applying Lemma 13.41 even though its bound is not sharp in Ao- Then the 
remaining is almost identical with the proof of Theorem 11.11 We omit the details. 

4.6. Remark for wave equation. In [HO] , the estimate ( II. 3p was proven for oo(p) = 
Pl s = n(| - i) - i, a > | - (n - 1)(§ - ±) provided that 

n — 1,1 Is 1 , v ,1 l s 
4.25 —z- - - - < - < n - 1 - - - . 

2 2 p q 2 p 



It was shown by Knapp's example that the estimate fails if - > (n — l)(g — -). The 
example in [30] also shows that a > ^ — (n — 1)(| — ^) is necessary for (11.31) . 
Let us set 



W^(t,r)=r~ Ii ^ / e- itp J u {rp)p%f3{p)h{p)dp. 
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Similarly as before, it is easy to see that ||x{ r <.Ro}W 1 7i||£?£P — Cll^lh- (See ( 14. 8h .) 
Hence, by (1^28|) it follows that for 2 < p, q < oo and J < (n - 1)(| - ±) 

(4.26) HW/ilUiflP < C\\h\\ 2 . 

Using Lemma 14. 3[ it is also possible to get some weak type estimates for ~W U along 
the sharp line ^ = (n — 1)(| — ^) but the strong endpoint estimates are not possible 
by the method in Section 14.31 because u" = 0. By the argument for the proof of 
Lemma [4. 11 the following is easy to see. 

Lemma 4.5. Let oo(p) = p and 2 < p,q < oo, 7 > 0. Suppose that (I4.26P holds 
for v = f(k) = n ~ g + , k > 0. Then the solution u to (II .ip satisfies (I1.3P wiili 
s = n(| — i) — i provided that a = (n — 1)(| — ^) w/ien p > 00 and a > (n — 1)(| — ^) 
w/ien p = 00. 

Hence we get ( 11.31) for 2 < p, g < 00 and - < (n — 1)(| — -) provided a > 
(n - 1)(| - i). Now note („ - - 1) = | - (n - - 1) if I L (n - 1)(| - i). 
Hence interpolating these estimates with the usual Strichartz estimates for the wave 
equation (along the sharp line ^ = ^-(^ — -)) recovers the aforementioned results in 
[30] . This also shows that if one obtains (I4.26P on the sharp line - = (n — 1)(| — -), 
then the optimal angular regularity (a = | — (n — — i)) for (11.31) also follows. 
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